Abstract. We display a gallery of Lorenz-like attractors that emerge in a class of threedimensional maps. We review the theory of Lorenz-like attractors for diffeomorphisms (as opposed to flows), define various types of such attractors, and find sufficient conditions for three-dimensional Henon-like maps to possess pseudohyperbolic Lorenz-like attractors. The numerically obtained scenarios of the creation and destruction of these attractors are also presented.
Introduction
Like the dynamics of three-dimensional systems of differential equations can be drastically different from that of two-dimensional systems, the dynamics of three-dimensional diffeomorphisms can be very much unlike the dynamics of two-dimensional ones. Chaotic behaviour can be observed both in two-dimensional and three-dimensional maps. However, especially when the Jacobian of a three-dimensional map is not too close to zero, the chaos can take forms which have nothing in common with what one observes in two-dimensional diffeomorphisms.
One of these phenomena, discovered in [1] , is the emergence of Lorenz-like attractors for diffeomorphisms of dimension 3 and higher. We will give a precise definition of a Lorenz-like attractor for a diffeomorphism later (Section 2). Here, we just note that it has both fundamental differences and fundamental similarities with/to the Lorenz attractors for systems of differential equation (i.e. for flows). To distinguish between them we reserve the term "Lorenz attractor" for the case of flows and "Lorenz-like attractor" for the case of diffeomorphisms (see a terminological summary in the table in Section 2). The most important property of the classical Lorenz attractor for flows is that it is a genuine strange attractor: it contains no stable periodic orbits, and every orbit in such attractor has positive maximal Lyapunov exponent [2, 3] . Moreover, these properties are robust (they persist at small changes of the right-hand sides), eventhough the attractor itself is structurally unstable [2] [3] [4] [5] [6] . We note that this property of the robust instability seemingly does not hold for many "physical" attractors that appear in numerical experiments, where an observed chaotic behavior can easily correspond to some periodic orbit with a very large period (plus inevitable noise); see more discussion in [9, 11] . In particular, Hénon-like strange attractors [13] [14] [15] that are often in two-dimensional maps may transform into stable long-period orbits by arbitrarily small changes of parameters [16] .
The reason for the robust chaoticity of the classical Lorenz attractor is that it possesses a pseudohyperbolic or, which is the same, a volume-hyperbolic structure, which we describe in detail in Section 2. Lorenz-like attractors for diffeomorphisms share the same fundamental property. As a result, they too do not contain stable periodic orbits, nor any stable orbit can emerge in a neighbourhood of the Lorenz-like attractor at small perturbations of the diffeomorphism. Thus, the fact that these attractors exist in an important class of three-dimensional maps is remarkable. It provides us with an example of truly high-dimensional (i.e. not two-dimensional) robust chaotic behaviour which must be frequent in various applications. In particular, a Lorenz-like attractor for a Poincare map of a model of celtic stone was found in [17] .
As we mentioned, the dynamics of Lorenz-like attractors for diffeomorphisms is actually different from the dynamics of Lorenz attractors for flows (by taking the flow suspension of a three-dimensional diffeomorphism with a Lorenz-like attractor we obtain a four-dimensional flow whose attractor may contain Newhouse wild sets and saddle periodic orbits with three-dimensional unstable manifolds [19] , as well as saddle invariant tori; none of these objects is present within the classical Lorenz attractor). However, visually, a Lorenz-like attractor of a diffeomorphism may look quite similar to the classical Lorenz attractor. Thus Fig. 1 (left) shows a picture of the attractor numerically obtained in [1] for the mapx = y,ȳ = z,z = M 1 + Bx + M 2 y − z 2 , (1.1)
at M 1 = 0, M 2 = 0.85 and B = 0.7. In spite of the striking similarity to the attractor of the Lorenz model, this picture is not a discretisation of a continuous trajectory of a system of differential equations. In fact, the distance between two consecutive points on the orbit of map (1.1) shown in Fig. 1 does not stay small (this orbit lies close to the one-dimensional unstable separatrix of a fixed point whose unstable multiplier is negative; the fixed point divides the separatrix into two parts which are interchanged by the map, so each iteration lands to the opposite part of the separatrix). The reason for the similarity of the attractor of map (1.1) to a discretisaton of the Lorenz model is "genetic". In the space of parameters (M 1 , M 2 , B) there is a path to the point M 1 = − 1 4 , M 2 = 1 and B = 1 such that the attractor, when we move along this path, shrinks to a fixed point x = y = z = 1 2 . This fixed point has multipliers (−1, −1, 1). According to [23] , the normal form for the second iteration of the map near such point is close to the time-1 map of the Morioka-Shimizu model [20] . This system of three differential equations is known to have a Lorenz attractor for a region of parameter values [21] [22] [23] , i.e. near this bifurcation point the second iteration of the map can be close, in some small neighbourhood of the fixed point, to a discretisation of a flow with a Lorenz attractor (after a proper scaling of the coordinates). The birth of a small Lorenz-like attractor at this bifurcation in map (1.1) was indeed established in [1] . As we move away from the bifurcation point in the parameter space, the attractor grows in size significantly. However, eventhough the parameter values corresponding to the attractors shown in Fig. 1 are quite far from the bifurcation moment, it is possible that there still exist some coordinates in which the second iteration of the map is not very far from the time-1 map of some flow.
In this paper we display Lorenz-like attractors that emerge in the class of three-dimensional Henon-like maps of the formx = y,ȳ = z,z = Bx + f (y, z),
where f is a smooth function. The Jacobian of this map is constant and equals B, i.e. B = 1 is the case of volume-preserving maps while small values B correspond to the strong volume-contraction. We find our Lorenz attractors for values of B < 1 that are still closer to the volume-preserving than to volume-contracting case. Map (1.1) is, obviously, a partial case of (1.2). 
In the left panel, the projection on the (x, y)-plane is also displayed. In the right panel, a "figure-eight" saddle closed invariant curve inside the lacuna is shown. Note the similarity to the Lorenz attractors of the Shimizu-Morioka system (2.1), see [21, 22] .
The general interest to Henon-like maps (not necessarily three-dimensional) is due to several reasons. For example, it is well-known that maps of this type appear naturally in the study of groups of polynomial diffeomorphisms (i.e. polynomial maps with polynomial inverse), volume-preserving and symplectic polynomial diffeomorphisms [24-27, 39, 80, 81] . Most importantly, Henon-like maps emerge as rescaled first-return maps near various types of homoclinic orbits, see [28] . The first in the list of the maps of "homoclinic origin" is the parabola mapx
3)
It was shown in [29] that this map emerges as a limit model for the rescaled first-return map near a quadratic homoclinic tangency for area-contracting two-dimensional maps. The same map appears in the study of homoclinic tangencies in the so-called sectionally dissipative case (multi-dimensional maps that contract two-dimensional areas) [34, 36, 38] . In fact, parabola map (1.
3) universally appears near all types of homoclinic tangencies, as an approximation of the restriction of first-return maps (or their inverse maps) to certain invariant manifolds [35, 37, 42, 48] . It also emerges in the study of homoclinic loops to a saddle-saddle equilibrium [40] . The standard Hénon mapx
was explicitly introduced into the dynamical systems theory in [30] . It was also considered (with b small) in relation to the study of homoclinic tangencies in [31] . In general, this map emerges as the limit model for first-return maps near homoclinic tangencies in the situations where two-dimensional areas are not contracted, while three-dimensional volumes are, see [34, 39, 42, 46, 48, 50] . It also appears in the study of homoclinic tangencies in two-dimensional endomorphisms [55] . In terms of [41, 46, 48] , this map appears in problems of effective dimension 2. As the bifurcation (at b = 1) of a pair of multipliers on the unit circle is degenerate in the standard Hénon map, the generalized Hénon map (GHM) 5) was proposed in [51, 52] as a more accurate approximation to the first-return maps near homoclinic tangencies in the case of effective dimension 2 (a conservative analogue of GHM, i.e. the case ν 1 = 0, was introduced in [60, 61] ). Here, the parameters M and b can take arbitrary values, while ν 1,2 are small.
The degeneracy of the Hénon map is canceled in GHM at nonzero ν 1 (see [53] ), so the analysis of this map provides an accurate information on the birth of closed invarant curves near homoclinic tangencies [46, 48, [50] [51] [52] 55] , homoclinic loops [56] , and heteroclinic cycles [54] . Note also that map (1.5) at ν 1,2 not small demonstrates interesting hyperbolic dynamics (the so-called half-orientable horseshoes) [57] [58] [59] .
The conservative Hénon mapx 6) and the conservative GHMx
appear in the study of area-preserving and/or reversible maps with quadratic homoclinic tangencies [62] [63] [64] [65] [68] [69] [70] [71] [72] [73] [74] , volume-preserving flows with homoclinic loops to a saddle-focus [60, 61] , billiard-like potentials [66, 67] . A four-dimensional symplectic Hénon map
was obtained in [75, 76] as a rescaled limit of the first-return map near a homoclinic tangency for a saddle-focus periodic orbit.
appears for some classes of homoclinic tangencies of effective dimension 2 [34, 39, 42, 46, 48] . Note that the Mira map can be formally considered as a 3D Hénon mapx = y,ȳ = z,z = M + Cz + Bx − y 2 with B = 0. The 3D Hénon maps emerge in the study of homoclinic tangencies of effective dimension 3 (i.e. when three-dimensional volumes are not contracted by the map, see [34, 46, 48, [77] [78] [79] ).
More general Hénon-like maps (with polynomial nonlinearities of order higher than two) appear near homoclinic tangencies of higher orders, as well as rescaled limits of multi-round maps near quadratic homoclinic tangencies [32, 33, 42, 44, 45, 47, 81] . A more general class of maps that emerge in a similar setting is given by compositions of Hénon-like maps. They were considered e.g. in [47, 80, 81] . An example of a composition of Hénon-like maps that emerge in the study of heteroclinic cycles of reversible systems is given by     x
see [82] .
With the modern technique [48, 83, 84] , the analysis of dynamics of the Henon-like maps can provide non-trivial results about the dynamics near homoclinic tangencies almost automatically. In particular, the birth of Lorenz-like attractors for many types of homoclinic tangencies was established in [49, [77] [78] [79] based on the results of [1] . It was also proven in [49, 78, 79] that infinitely many Lorenz-like attractors can coexist for generic maps from the Newhouse domain in the effective dimension 3 of more.
In Section 3, we give conditions which ensure the birth of small Lorenz-like attractors for the 3D Henon-like maps from a fixed point with the multipliers (-1,-1,1) (at B = 1). The second iteration of the map near these small attractors is close (in the normal form coordinates) to a time-shift by the flow of the Shimizu-Morioka model. As B decreases, the newly-born Lorenz-like attractor grows in size and, as we change parameters of the map, it may transform or get destroyed in variety of ways. We provide results of numerical experiments with several examples of the Henon-like maps, which show characteristic traits in the evolution and destruction of the Lorenz-like attractors. As our attractors are "genetically related" to the bifurcation (-1,-1,1), the pictures of the orbits we obtain are often "flow-like" (see Figs. 4-6 ). In particular, the main stages of formation and destruction of the Lorenz-like attractor look similar to those in the Shimizu-Morioka model [21] [22] [23] , with equilibria of the flow replaced by fixed or period-2 points of the map, and limit cycles of the flow replaced by closed invariant curves of the map. However, there are also clearly visible differences from the flow case. The main reason is that a closed invariant curve of the map typically behaves differently from a periodic orbit of the flow. While it can bifurcate similar to the way periodic orbits of a flow do (e.g. we observed cascades of doublings of invariant curves), it may also break down and transform to a "torus-chaos" attractor [85] [86] [87] [88] [89] [90] [91] .
The Henon-like maps we consider here and the Poincare map for a celtic stone model considered in [17] are, so far, the only known examples of maps with Lorenz-like attractors. However, we think they should be universally present in weakly-dissipative three-dimensional maps. In particular, in all our examples here we observe the same scenario of the creation of Lorenz-like attractor: a stable fixed point becomes a saddle via the period-doubling bifurcation ⇒ the emerged orbit of period 2 loses stability and an invariant pair of closed curves is born ⇒ the curves grow in size and break down as the moment of homoclinic tangency for the now saddle fixed point is approached ⇒ the chaotic set that contains homoclinic orbits to the fixed point transforms into a Lorenz-like attractor. This scenario was proposed in [92] as one of the most natural ways to chaos in maps in dimension three and higher (it is essential in this scenario that the map is not close to an area-contracting two-dimensional map: otherwise we can not have closed invariant curves, nor the volume-hyperbolic Lorenz-like attractor can form, see Section 2). Note that the ways of destruction of the Lorenz-like attractor we observe in different Henon-like maps may differ significantly: the attractor may become "bigger" and seemingly lose its volume-hyperbolic structure, or it may develop a lacuna where a stable closed invariant curve forms, which becomes a new attractor and, as parameters change, gets destroyed in one of several ways. We believe the gallery of attractor portraits which we produce here for main stages of the creation and destruction of Lorenz-like attractors in several examples of Henon-like maps should be a useful tool for detection of such attractors in various other models. In particular, the torus-chaos attractor of the shape close to that in Fig. 5 (h) was found for a Poincare map of a model of celtic stone in [93] , and it was then recognized in [17] as a clear signature of the presence of the Lorenz-like attractor in the same map.
Lorenz-like attractors for diffeomorphisms
Lorenz-like attractors are a subclass of pseudo-hyperbolic attractors. A theory of pseudohyperbolic attractors was built in [18, 19] . The pseudo-hyperbolicity means that the following properties hold: 1) there are directions in which the dynamical system (a flow or a diffeomorphism) is strongly contracting ("strongly" means that any possible contraction in transverse directions is always strictly weaker); and 2) transverse to the contracting directions the system is volume-expanding (i.e. the volume is stretched exponentially).
The term volume-hyperbolicity may also be used in a similar context [94] [95] [96] .
Definition 2.1. [18, 19] A pseudohyperbolic attractor is a stable, chain-transitive, compact, invariant set which carries a uniformly pseudo-hyperbolic structure.
This definition is very wide. The class of systems with pseudo-hyperbolic attractors is C r -open (r ≥ 2), and includes hyperbolic attractors, and Lorenz attractors as well: in the geometrical Lorenz model [2] [3] [4] [5] [6] [7] [8] (and in its modern variations [97, 98] ), in a neighbourhood of the attractor there is a contracting invariant foliation of codimension 2, and the flow expands area in the directions transverse to the foliation.
Let us describe the geometrical model of [2, 3] inside U . The flow in U defines the first-return map T : Π\W s (O) → Π. Conditions given in [2, 3] ensure the hyperbolicity of the map T : this map has a contracting invariant foliation of codimension 1, and it is expanding transverse to the foliation. This is not a true uniform hyperbolicity, as the first-return map T has a singularity (discontinuity) at Π ∩ W s (O). So, the theory of the Lorenz attractor is typically built in terms of the study of the maps with this kind of singular hyperbolic structure (and flow suspensions over such maps) [2] [3] [4] [5] [6] [7] [8] [99] [100] [101] [102] [103] . For our purposes, it is important that the (singular) hyperbolicity of the first-return map is, in fact, equivalent to the uniform pseudohyperbolicity of the flow in U (roughly speaking, one recovers a codimension 2 contracting invariant foliation of U from the contracting invariant foliation on Π, and the expansivity of the first-return map in the direction transverse to the foliation on Π means that the flow expands the area spanned by this direction and the phase velocity vector). By construction of the geometrical Lorenz model, Π\W s (O) consists of two connected components, Π + and Π − , and the quotient of each of the maps T | Π+ and T | Π− is injective. Using this fact, it was shown in [18] that if we denote as A the set of all points that are attainable from O by ε-orbits for arbitrarily small ε, then A is chain-transitive. Moreover, this set is attainable by ε-orbits from every point in U , and it is stable under persistent perturbations (strictly stable in terms of [104] ), i.e. given any δ > 0 there exist ε > 0 such that no ε-orbit starting in A can leave the δ-neighbourhood of A. Thus, so defined set A is the unique pseudohyperbolic attractor of the geometrical Lorenz model. We note that there exist cases when the geometric Lorenz model has no transitive attractor (this happens when the hyperbolic set inside a non-trivial lacuna hits the boundary of the transitive component, see [3] ). Therefore, the notion of a chain-transitive attractor becomes useful in this situation.
We note that there are many definitions of attractors, see [105] [106] [107] [108] . We will stick to the notion of attractor based on the use of ε-orbits, this notion goes back to Conley, Ruelle, and Hurley [109] [110] [111] . We have just used this definition for the geometrical Lorenz model. Definition 2.2. We call a compact invariant set an attractor if it is chain-transitive, i.e. every point of this set is attainable from any other point of it by ε-orbits that lie in the same set, for an arbitrarily small ε, and stable, in the sense that ε-orbits starting near this set always remain in some small neighbourhood of it.
The original idea of Conley was that these objects are most natural from the topological dynamics point of view. Ruelle had stressed that such defined attractors behave properly under the influence of a small bounded noise. These attractors were reinvented in [18] as they occur to be particularly fit for the description of volume-hyperbolic dynamics. The stability property of these attractors can be formulated in several equivalent ways.
For example, in the spirit of [104, 112] we may define the C 0 -prolongation of a point in the phase space as the set of all points attainable from it by ε-orbits for an arbitrarily small ε (the C 0 -prolongation of a set is the union of the C 0 -prolongations of its points; an invariant set always belongs to its own prolongation, along with its unstable set). It is easy to see that the C 0 -prolongation of any point/set is always a stable invariant closed set [18, 104, [109] [110] [111] . Hence, a chain-transitive attractor equals to the C 0 -prolongation of any of its point. This provides us with the working strategy of finding the attractors: take a prolongation of a suitable point and try to see if it is chain-transitive.
Another characterisation of stable sets is that the set is stable if and only if it is an intersection of at most countable set of nested absorbing domains [18, [109] [110] [111] . Thus, given any system, for any attractor there exists at least one absorbing domain, and every absorbing domain contains at least one attractor as we defined it. In general, there is no one-to-one correspondence between chain-transitive attractors and their absorbing domains. However, for pseudohyperbolic systems there exist effectively verifiable criteria of finiteness of the number of attractors, or even of uniqueness of the attractor [19] .
In [19] , a geometrical Lorenz model of [2, 3] subject to a small nonautonomous time-periodic forcing was considered. It was shown that the properties of pseudohyperbolicity and chain-transitivity of the non-perturbed Lorenz attractor are inherited by the periodically perturbed one. Therefore, the Poincare map (the map for the period of the forcing) has here a pseudohyperbolic attractor A, which we will call Lorenz-like. It is a genuine strange attractor, as it does not contain stable periodic points and this holds true for every C r -close map as well (because the pseudohyperbolicity is a C r -open property, and the second of the pseudohyperbolicity conditions, i.e. the volume-expansion property, implies the positivity of the maximal Lyapunov exponent of every orbit; this was also shown in [113] ). The saddle equilibrium in the Lorenz attractor of the non-perturbed flow corresponds to a saddle fixed point of the Poincare map of the periodically forced system. The attractor A is exactly the set of all points which can be reached by forward ε-orbits starting at the fixed point for every ε > 0, and this set is always chain-transitive (when the forcing term is small), see [19] .
Absolutely the same conclusions can be derived without the assumption that the map under consideration is the Poincare map of a time-periodic flow close to an autonomous one (i.e. we do not need to assume that our map is a small perturbation of the constant-time shift by an autonomous flow of the geometrical Lorenz model). Namely, one can give a definition of the Lorenz-like attractor for a map f as follows. Then the set D which is a small neighbourhood of the union of W s (L) with the union of all forward orbits of F starting onΠ is an absorbing domain, i.e. F t (clD) ⊂ intD for all t > 0.
(ii) Let F t be uniformly pseudohyperbolic in D.
(iii) LetΠ\W s (L) consist of two connected components,Π + andΠ − . The flow F t defines the first-return map T :Π + ∪Π − →Π. The pseudohyperbolicity of the flow F t implies the pseudohyperbolicity of the first-return map T . In particular, it implies the existence of an absolutely continuous strong-stable invariant foliation tangent to the strongly contracting directions, and it also implies that the quotient of the map T by this foliation is area-expanding.
(iv) Assume that the restrictions of the quotient map onΠ + and onΠ − are injective. Under these conditions the chain-transitive attractorÃ ⊂ D is unique and coincides with the set of points attainable by forward ε-trajectories from L for every ε > 0 [19] . The restriction ofÃ to the base of the flow suspension is the chain-transitive pseudo-hyperbolic attractor A of the map f . We will call the attractor A that emerges in this way a pseudohyperbolic Lorenz-like attractor. Under the above described conditions, the attractor A is the set of all points attainable by the forward ε-trajectories from the periodic point O for every ε > 0.
As one can easily see, the conditions of this definition are satisfied e.g. by the constant-time shift map by the flow of the geometrical Lorenz model of [2, 3] (to define a suspension flow for this map one adds a time coordinate θ ∈ S 1 with a trivial dynamics in θ, i.e.θ = 1, then one defines D = U × S 1 and Π = Π × S 1 , where U and Π are the absorbing domain and the cross-section for the geometrical Lorenz model, as described above). It is also easy to see that these conditions hold for all C r -small perturbations of the map.
Except for the positivity of the maximal Lyapunov exponent for every orbit, it is hard to say anything more about the dynamics of a such defined Lorenz-like attractor of a general map. However, the case of a small perturbation of the time-1 shift of the Lorenz flow can be studied in much more detail. Thus, it was shown in [19] that given any autonomous flow with the geometrical Lorenz attractor an arbitrary small non-autonomous periodic perturbation can be constructed such that the chain-transitive pseudohyperbolic Lorenz-like attractor A for the Poincare map of the perturbed system contains a Newhouse wild-hyperbolic subset along with its unstable manifold (and this property is C r -open). We recall that according to [10] [11] [12] , a wild hyperbolic set is a uniformly-hyperbolic basic set whose stable and unstable manifolds W u and W s have a persistent tangency, i.e. the stable and unstable manifolds of a wild hyperbolic set have a nontransverse intersection, both for the system itself and for any C r -close system, r ≥ 2. As Newhouse proved, systems with wild hyperbolic sets comprise non-empty C r -open sets in the space of dynamical systems (we call them Newhouse regions). Choose a wild-hyperbolic set Λ, and denote as A ⊃ W u (Λ) the set of all points which, for every ε > 0, can be reached by ε-orbits starting at Λ. The uniformly-hyperbolic compact invariant set Λ varies continuously when we add C rsmall perturbations to the system, but the prolongation A does not need to be a continuous function of the system. However, in some cases A remains chain-transitive for the system itself and for every C r -close system. In this case we call A a wild-hyperbolic attractor. Namely, we adhere to the following definition.
Definition 2.4. A wild-hyperbolic attractor is a C
r -robustly chain-transitive prolongation of a wild hyperbolic set.
The notion of wild pseudohyperbolic attractor was introduced in [18] . A first example of a "spiral" wild-hyperbolic attractor for flows in the space of dimension 4 or higher was also constructed there. A different example was constructed in [114] . The above described result from [19] of the wildness of the attractors of certain non-autonomous periodic perturbations of the Lorenz flow shows that the dynamics of Lorenz-like attractors of smooth maps is much richer than that of the Lorenz attractors for autonomous flows. Namely, it follows from [18, 19, 32-34, 42, 44-48] that the wild Lorenz-like attractors may contain orbits of homoclinic tangency of an arbitrarily high order along with arbitrarily-degenerate periodic orbits.
Note that the problem of proving that a given Lorenz-like attractor is wild is not trivial. It is not enough to show the existence of a wild hyperbolic set somewhere in the absorbing domain D. In order to claim that the wild set belongs to the attractor A, one needs to show that the wild set is attainable from the "basic" saddle periodic point O by ε-orbits for arbitrarily small ε. The simplest way of doing that is to prove that the point O itself belongs to the wild set. This is done by showing that O has a homoclinic tangency. Then the multidimensional version [35, 36] of the Newhouse theorem [12] allows to show that O becomes an element of a wild-hyperbolic set after a small perturbation of the map [19] .
In fact, more results about the dynamics of the Lorenz-like attractor follow from the existence of a homoclinic tangency. By [34, 41, 46, 48] , as the orbit of homoclinic tangency to O is volume-hyperbolic, the tangency can split in such a way that the map acquires a periodic orbit with a two-dimensional unstable manifold. With an extra effort one can show [19] that such periodic orbits can belong to the attractor, i.e. they are attainable from O by ε-orbits. In fact, using the construction of heterodimensional cycles [95, 96, [115] [116] [117] 120] , one can prove that in the C r -open set of maps with a wild Lorenz-like attractor there is an open and dense subset such that for every map that belongs to this set the Lorenz-like attractor contains saddle periodic orbits with two-dimensional unstable manifolds. Recall that the Lorenz-like attractor always contains saddles with one-dimensional unstable manifolds, the point O for example. Thus, a C r -generic wild Lorenz-like attractor is heterodimensional in the sense of the following Definition 2.5. Lorenz-like attractors that contain simultaneously saddle periodic orbits with different dimensions of unstable manifolds are called heterodimensional Lorenz-like attractors.
Thus, a small time-periodic perturbation of a Lorenz attractor of an autonomous flow creates a pseudohyperbolic Lorenz-like attractor for the Poincare map. Moreover, for an open class of perturbations this attractor will be heterodimensional and wild, i.e. it will exhibit dynamical features which have no analogues in the autonomous Lorenz attractor. Another dynamical property of periodic perturbations of Lorenz attractors is that the resulting Lorenz-like attractors may contain saddle invariant tori. Indeed, the Lorenz attractor for an autonomous flow contains non-trivial hyperbolic sets where saddle periodic orbits are dense [3] . The hyperbolic set for a flow is a partially-hyperbolic set for the constant-time shift map by the flow (denote this set as Ω), whereas the saddle periodic orbits become saddle closed invariant curves for this map. The Poincare map for a C r -small τ -periodic perturbation of the flow is a C r -small perturbation to the time-τ shift map, such perturbations do not destroy the partially-hyperbolic set Ω, and the saddle closed invariant curves also preserve and remain dense in Ω. Partially-hyperbolic sets of this structure were first studied by Shilnikov in [121] (see also [122] [123] [124] [125] ), so we will here call them Shilnikov sets. One may prove that for an open set of small periodic perturbations of a flow with a Lorenz attractor some Shilnikov set Ω will be attainable by ε-orbits from O, i.e. the Lorenz-like attractor for the Poincare map will contain this set (cf. [146] ).
In general, we introduce the following Definition 2.6. Consider an arbitrary diffeomorphism with a Lorenz-like attractor. Let this attractor C r -robustly contain a partially-hyperbolic Shilnikov set Ω. Consider the flow suspension over the diffeomorphism (see Definition 2.3), and let the intersections of the saddle invariant tori from Ω with the cross-sectionΠ be not contractible inΠ to a point. Moreover, assume that these intersections are, each, a finite union of closed curves homotopic to W s (L) ∩Π inΠ (i.e. they are similar to the saddle invariant tori of a small time-periodic perturbation of a Lorenz attractor). In this case we will call this attractor a true Lorenz-like attractor.
Notice that the true Lorenz-like attractor is also heterodimensional, as it contains, along with the one-dimensional unstable manifold of the saddle point O, the two-dimensional unstable manifold of the Shilnikov set.
Let us summarise the above described theory in the following terminology As we see, the Lorenz-like attractors provide a very rich example of multidimensional strange attractors. Importantly, they can be created by local bifurcations of periodic orbits; in particular, when the periodic orbit has three or more Floquet multipliers on the unit circle, the normal form can be a time-periodic perturbation of a system with a Lorenz attractor [23] . Thus, Lorenz-like attractors can easily appear in concrete models when there is enough parameters to permit the degenerate periodic orbits of this type.
In particular, let a diffeomorphism f have a fixed point O with the multipliers (−1, −1, +1). According to [23] (see also [126] ), in a generic three-parameter unfolding of this bifurcation there is a region of parameter values for which the second iteration of the map f near the bifurcating point is o(τ )-close to the time-τ map of the Shimizu-Morioka systeṁ
for τ which can be taken as small as we want, µ = ±1, and α, λ taking arbitrary positive values (see examples in the next Section). It was shown numerically in [21] [22] [23] that system (2.1) at µ = 1 possesses a Lorenz attractor for some domain of positive parameter (α, λ). Therefore, for a certain open region of parameter values the original map f has an attractor which is a τ -periodic perturbation of a Lorenz attractor. We give a detailed computation of the normal form near (−1, −1, 1) bifurcation for the Henon-like maps in the next Section. We provide a formula for computing the normal form coefficient µ in terms of the Taylor expansion of the original map at the fixed point at the moment of bifurcation, thus providing (Lemma 3.1) a criterion of the birth of a Lorenz-like attractor in the Henon-like maps.
We stress that the crucial fact that the Shimizu-Morioka system has a Lorenz attractor is reliably verified numerically and hardly causes any doubt, however a fully rigorous proof still does not exist. In order to obtain a free of computer assistance proof of the existence of the Lorenz attractor in the Shimizu-Morioka model (and, hence, the pseudohyperbolic Lorenz-like attractor in the Henon-like maps satisfying criterion (3.3)), one can use one of the criteria of the birth of the Lorenz attractor from a pair of homoclinic loops which were given in [127] [128] [129] . In particular, the domain of existence of the Lorenz attractor adjoins to a point in the parameter plane where the system has a pair of symmetric homoclinic loops to a saddle with zero saddle value, provided the so-called separatrix value is non-zero and less than 2 in the absolute value (see definitions in [84] ). The existence of such point in the plane of parameters (α, λ) for the Shimizu-Morioka system with µ = 1 was proven analytically in [130] . While it was checked numerically in [21] [22] [23] that the separatrix value lies in (0, 1) at this point (hence the conditions of [127] for the birth of the Lorenz attractor are satisfied), the analytical estimate for the separatrix value was not obtained in [130] . Thus, this estimate is the only thing remaining for a complete removal of the numerical evidence here. To precisely describe the situation, we make the following Claim 2.1. The Shimizu-Morioka system (2.1) at µ = 1 has, at a positive value of (α, λ), a pair of symmetric homoclinic loops to the saddle at X = Y = Z = 0 with zero saddle value. The separatrix value is positive and less than 1. As parameters change the homoclinic loops split in such a way that a Lorenz attractor is born.
As we just said the bounds on the separatrix value were not obtained analytically. So this part of the claim should, perhaps, be considered as a conjecture, supported by a reliable numerics.
Normal forms and numerics
In this Section we give conditions for the birth of Lorenz-like attractors in the three-dimensional Henonlike maps, and investigate numerically the ways such attractor evolves as parameters change. We consider the maps (x, y, z) → (x,ȳ,z) such that
where f is a smooth function. The fixed points of the map are given by
The characteristic equation at the fixed point
, the fixed point has multipliers (+1, −1, −1). Let us now derive a normal form that describes bifurcations of this point.
Consider a smooth three-parameter family of maps (3.1) which, at zero parameter values, has a fixed point with multipliers (1, −1, −1), and assume the fixed point exists for a certain region of parameter values adjoining to zero. Move the origin to the fixed point. The map will take the form
where ε 1,2,3 are small,
and the dots stand for cubic and higher order terms. Let the coefficients a, b and c depend on ε 1,2,3 smoothly.
Lemma 3.1. Let the following condition hold at ε = 0:
Then Claim 2.1 implies that map (3.2) has a pseudohyperbolic Lorenz-like attractor for all ε from an open, adjoining to ε = 0, subregion D of
Proof. Let ν be the multiplier of the zero fixed point of map (3.2) which is close to 1:
Let us make the following linear coordinate transformation:
Map (3.2) takes the following form
where
Note that the linear part of (3.4) is in the Jordan form at ε = 0. The terms u 2 1 , u 2 2 , u 1 u 2 in the second equation, and the terms u 1 u 3 , u 2 u 3 in the third equation are non-resonant, so they can be killed by a close to identity quadratic change of coordinates. After that the system takes the form
One checks that the composition of map (3.5) with the involution
is a map whose linear part at the origin has the Jordan form 
The latter impliesρ
Since system (3.7) is invariant with respect to involution (3.6), it follows that the square of map (3.5) coincides with the time-2 shift by the flow of system (3.7) up to terms of order O( u 2 ε + u 3 ).
Let us now scale the coordinates (u 1 , u 2 , u 3 ), the time t, and the parameters as follows:
where the small scaling factor s is
We are interested in values of (α, λ) in a bounded domain of the positive quadrant. This implies that we consider our system in the region of parameters ε where the values ρ 1,2,3 are positive and
3 ), and ε 1 > 0, ε 1 + ε 3 > 0. Since s becomes arbitrarily small as we approach the bifurcation point ε = 0 in the initial parameter space, it follows that the rescaled coordinates (X, Y, Z) and the new parameters λ and µ can take arbitrary finite values.
After the scaling, system (3.7) takes the forṁ
where the dot denotes d/dτ . By (3.3), we may introduce new variables
, and the system takes the forṁ 10) Since the difference between the second iterate of map (3.5) and the time-2 shift by the flow of system
, we find that in the rescaled coordinates the second iterate of (3.5) is O(s 3/2 )-close to the time-2s shift by the flow of (3.10). It follows that when we write map (3.5) in the coordinates (X, Y, Z), its N -th iteration is O( √ s)-close to the time-1 shift by the flow of (3.10),
where N/2 equals to the integral part of 1/(2s). Recall that the pseudohyperbolic Lorenz-like attractors preserve at small perturbations [19] . Therefore, we will prove that map (3.5) indeed has such attractor at all small s, if we prove that system (3.10) has, at all small s, a Lorenz attractor for a certain, independent of s, region of (α, λ)-values (see [1] for more discussions). Now note that at s = 0 system (3.10) is the Shimizu-Morioka system. By Claim 2.1, we may assume that it has a Lorenz attractor in an open domain of the (µ, λ)-plane. The existence of a Lorenz attractor is a robust property [3] , i.e. there exists a region of the (µ, λ)-values such that every close enough system, e.g. system (3.10) at all small s, has to have a Lorenz attractor at (µ, λ) from this region.
Note that lemma holds true, by the robustness of pseudohyperbolicity, for any family close to (3.2) in the space of continuous families of C r -smooth maps (r ≥ 2). Moreover, one can show that arbitrarily close (in C r , r = 2, . . . , ∞) to family (3.2) there exists an open set of families such that the Lorenz-like attractor is true, heterodimensional and wild for an open set of values of ε ∈ D. This is done, essentially, by proving that a quadratic homoclinic tangency to the fixed point at zero can be created by a small perturbation (cf. [19] ), we will not pursue this topic here.
The first example to lemma 3.1 is given by the map
(see [1, 77] ). At (M = −1/4, B = 1, C = 1) the map has a fixed point x = y = z = 1 2 . After shifting the coordinate origin to this point we will have the map in the form
i.e. the fixed point has multipliers (1, −1, −1), and the coefficients a, b, c are a = 0, b = 0, c = −1.
As we see, condition (3.3) of the lemma holds.
The second example is given by the map
Introduce z new = z + cy 2 . Then, map (3.12) takes the standard Henon form
Let x = y = z = x 0 be a fixed point of (3.12), i.e.
By shifting the coordinate origin to this point, we write the map in form (3.2):
The fixed point has the multipliers (1, −1, −1) at
Condition (3.3) reads as Below we present results of a numerical study of Lorenz-like attractors of the maps from the examples above. We consider, first, map (3.11) with B = 0.7 (i.e. at not a very small distance from the bifuraction point at B = 1), and recall some numerical results from [1, 92] . In Figure 3 we recall the "map of Lyapunov exponents" from [1] ). This is a partition of the domain D 1 : {−0.15 < M 1 < 0.1; 0.7 < M 2 < 1} into areas corresponding to different types of the spectrum of numerically computed Lyapunov exponents (the white areas correspond to those values of the parameters M 1 and M 2 for which iterations of a chosen initial point escape to infinity). One interprets the last 3 cases in this list as corresponding to some type of a strange attractor. The sign "=" (the red color) means that the numerically obtained Λ 2 differs from 0 not more than the error bound of the numerical method ( 10 −6 in [1] ). This Lyapunov map guides us in tracing the evolution, as the parameters change, of attracting sets of the map from a simple attractor (green domain) to a strange one (yellow, red, and deep blue domains). In Fig. 4 the corresponding phase portraits (numerical iterations of a single initial condition) are shown for M 2 = 0.85 and M 1 varying along the dotted line in Fig. 3 . Note that we do not have here a perioddoubling cascade like we would in a strongly dissipative case. Instead the transition to chaos follows a scenario from [92] ): the orbit of period 2 (Fig. 4(b) ) gives rise to a stable invariant pair of closed curves (Fig. 4(c) ), which then "collide" to the saddle fixed point, and a Lorenz-like attractor is formed (Figs. 4(d,e) ). This scenario is similar to the route to Lorenz attractor in the Morioka-Shimizu system [21] [22] [23] ; one should just replace the symmetric equilibrium of the Morioka-Shimizu model by the saddle fixed point of our 3D-Henon map, the pair of asymmetric equilibria is replaced by the period-2 orbit, limit cycles of the Morioka-Shimizu model are replaced by closed invariant curves of the map. Obviously, this similarity must break at finer scales, e.g. instantaneous bifurcations of homoclinic loops in the model flow are replaced by continuous intervals of the existence of corresponding homoclinic orbits in the map, and a closed invariant curve of the map cannot just terminate at a homoclinic (like a limit cycle of the flow does), it must first lose smoothness and get destroyed [90] .
As M 1 grows, the attractor grows in size and evolves into a strange attractor "without holes" (Figs. 4(h,i) ). It reminds the attractor of Lorenz model after the absorbtion of the saddle-foci. This effect is related to a creation of a heterodimensional cycle where the one-dimensional unstable manifold of the saddle fixed point intersects with the one-dimensional stable manifold of the saddle-focus orbit of period two, analogous to the "Bykov contour" of the Lorenz model [131] [132] [133] . This bifurcation (e.g. in the Lorenz model [134] [135] [136] and in the Shimizu-Morioka model [21] [22] [23] ) leads to creation of stable periodic orbits, i.e. the "no hole" attractor loses the pseudohyperbolic structure and becomes a quasiattractor in terms of [9] , an attracting set of a non-trivial structure that may contain stable periodic orbits (or such orbits can be born at small perturbations of the system). Next, we show results of numerical simulations of map (3.12). We start with the case b = −3, d = −3, a = 1, M 0 = −2. At M 1 = 4, B = 1, A = 0 this map has a fixed point (at x = y = z = 1) with the multipliers of (−1, −1, 1). It is easy to check that conditions (3.14) and (3.15) are satisfied, so we can expect the Lorenz-like attractor for parameter values close to these. We choose B = 0.7, A = 0.1, and varied M 1 from 4.365 down to 4.235. The results are shown in Fig. 5 . The attractor forms in the way similar to the previous case: a cycle of period 2 bifurcates from a fixed point, then Andronov-Hopf bifurcation of the period-2 orbit creates a closed invariant curve of period 2, then the two components of this curve collide with the fixed point to eventually form a Lorenz-like attractor. The destruction of the attractor (Figs. 5(e-i) ) proceeds via formation of a lacuna where a stable closed invariant curve emerges (Fig. 5(f) ). Apparently, while the Lorenz-like attractor is no longer an attracting set, a large Shilnikov set (see Definition 2.6) of the saddle invariant tori that used to be a part of the attractor survives. This set seems to be a part of a new strange (quasi)attractor that no longer contains the saddle fixed point ( Fig. 5(g) ). The further decrease of M 2 creates a strange attractor (Figs. 5(h,i) ) of the "wriggled" shape typical for the "torus-chaos" quasiattractor [86, [88] [89] [90] . Note that the route of the destruction of the Lorenz-like attractor via formation of a lacuna, which we see in these figures, reminds one of the scenarios of the disappearance of the Lorenz attractor that was described in [3] and was also discovered in the Shimizu-Morioka model [21] [22] [23] .
Another case corresponds to b = 2, d = 1/3, c = 0. A fixed point at x = y = z = 1 has multipliers (−1, −1, 1) at M 0 = −2, M 1 = −2, B = 1, A = −3. Again, conditions (3.14) and (3.15) are satisfied. Numerics was performed at M 0 = 3.67, B = 0.7, C = −3.1, with M 1 varying from −2.555 to −2.501. The results are shown in Fig. 6 . The first stages (Figs. 6(a-c) ) on the route to the Lorenz-like attractor ( Fig. 6(d) ) are the same here as in the previous cases. The destruction of the attractor proceeds via formation of a lacuna where a stable invariant curve emerges (Fig. 6(e) ), which then gives place to a strange quasiattractor (Fig. 6(f) ). These stages are also similar to what is seen in Fig. 5 . However, the quasiattractor has now a different structure, and unravels via a backward cascade of torus-doubling bifurcations (Figs. 6(f-i) ). The last invariant curve disappears by colliding with a saddle invariant curve at a saddle-node bifurcation at M 1 ∼ −2.501. See [137] [138] [139] [140] for the theory of the saddle-node and dou- It is curious that, despite of our numerics being performed for parameter values sufficiently far from the bifurcation of a fixed point with the multipliers (−1, −1, 1) , the bifurcations scenarios are quite similar to those one should have in its normal form, i.e. in the Shimizu-Morioka model with a small periodic forcing. Namely, the Lorenz attractor in Shimizu-Morioka model transforms into a strange quasiattractor in a variety of ways [21] [22] [23] , depending on the choice of a path in the parameter plane, and this variety does include an absorption of saddle-foci like in Fig. 4 , or formation of a lacuna with a consequent boundary crisis of the Lorenz attractor and emergence of a quasiattractor which may be accompanied by perioddoubling cascades or not like in Figs. 5, 6 . The differences between the destruction of the Lorenz-like attractor in our maps and the destruction of the Lorenz attractor in the model flow are still visible (mainly due to the effects of loss of smoothness and breakdown of invariant curves), but they do not seem to play a major role.
